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We calculate both the DC and the AC Josephson current through a one-dimensional system of
interacting electrons, connected to two superconductors by tunnel junctions. We treat the (repulsive)
Coulomb interaction in the framework of the one-channel, spin-1/2 Luttinger model.
The Josephson current is obtained for two geometries of experimental relevance: a quantum wire
and a ring. At zero temperature, the critical current is found to decay algebraically with increasing
distance d between the junctions. The decay is characterized by an exponent which depends on the
strength of the interaction. At finite temperatures T , lower than the superconducting transition
temperature Tc, there is a crossover from algebraic to exponential decay of the critical current as a
function of d, at a distance of the order of h¯vF /kBT . Moreover, the dependence of critical current
on temperature shows non-monotonic behavior.
If the Luttinger liquid is confined to a ring of circumference L, coupled capacitively to a gate voltage
and threaded by a magnetic flux, the Josephson current shows remarkable parity effects under the
variation of these parameters. For some values of the gate voltage and applied flux, the ring acts
as a pi-junction. These features are robust against thermal fluctuations up to temperatures on the
order of h¯vF /kBL.
For the wire-geometry, we have also studied the AC-Josephson effect. The amplitude and the phase
of the time-dependent Josephson current are affected by electron-electron interactions. Specifically,
the amplitude shows pronounced oscillations as a function of the bias voltage due to the difference
between the velocities of spin and charge excitations in the Luttinger liquid. Therefore, the AC
Josephson effect can be used as a tool for the observation of spin-charge separation.
PACS numbers: 74.50 +r, 72.15 Nj
I. INTRODUCTION
Due to the recent development of superconductor-
semiconductor (S-Sc) integration technology it has be-
come possible to observe the transport of Cooper pairs
through S-Sc mesoscopic interfaces. Examples are the
supercurrent through a two-dimensional electron gas
(2DEG) with Nb contacts (S-Sc-S junction) [1] and ex-
cess low-voltage conductance due to Andreev scattering
in Nb-InGaAs (S-Sc) junctions [2]. The transfer of single
electrons through the interface between a semiconductor
and a superconductor with energy gap ∆ is exponen-
tially suppressed at low temperatures and bias voltages
kBT, eV ≪ ∆ (e is the electron charge). Instead, elec-
trons will be transferred in pairs through the interface,
a phenomenon known as Andreev-reflection [3]. It has
been realized only recently, that the phase coherence be-
tween the two electrons involved in this process could give
rise to distinct signatures in the transport properties of
mesoscopic S-Sc-S and S-Sc systems [4,5].
If the normal (Sc) region is free of disorder, the prop-
agation of electrons is ballistic. Phase coherence be-
tween the two electrons is maintained over the length
Lcor = h¯vF /max {kBT, eV }, where vF is the Fermi ve-
locity. In this regime, the critical current Ic through a
short and narrow constriction in a high-mobility non-
interacting 2DEG, connected to two superconductors
should be quantized [6]: each propagating mode con-
tributes an amount e∆/h¯ to the critical current.
In the presence of disorder in the normal region, the
motion of the two electrons will be diffusive. Like in
disordered metals, the phase coherence between the two
electrons is limited by the correlation length Lcor =√
h¯D/max {kBT, eV }, whereD is the diffusion constant.
For instance, the excess low-voltage conductance in S-Sc
junctions [2] can be explained in terms of constructive
interference occurring over this length scale between the
two electrons incident on the S-Sc interface [7,8].
In these examples, electron-electron interactions are
neglected. It is well known, though, that they may have
a strong influence on the transport properties of meso-
scopic systems. In general the interactions modify the
phase-coherence length Lcor, which poses limitations on
the abovementioned mesoscopic effects. In specific cases
the effects of electron-electron interactions will strongly
depend on the layout of the system under consideration.
For example, the interactions will modify the critical
current Ic through a normal metallic slab sandwiched be-
tween two superconductors [9]. If the coupling between
normal metal and superconductors is weak (tunneling
1
regime) and the size of the slab (and hence its electric
capacitance C) is small, a phenomenological capacitive
model [10] can be used to describe the effect of interac-
tions. As a result the critical current shows strong reso-
nant dependence on the electro-chemical potential of the
slab dependence has different character for EC < ∆ and
EC > ∆, EC = e
2/2C being the charging energy. On the
other hand, if the normal metal and the superconductor
are well coupled (regime of Andreev reflection), electron-
electron interactions will modify the results obtained in
Ref. [9] in quite a different fashion. A perturbative treat-
ment of the interactions [12] shows that an additional
supercurrent through the slab arises, whose sign depends
on the nature of the interactions in the slab (attractive
or repulsive), and whose phase-dependence has period π
(rather than 2π in the non-interacting case).
If instead of a metal a low-dimensional Sc nanos-
tructure with a small electron concentration is consid-
ered, the abovementioned descriptions of the electron-
electron interactions are no longer sufficient. In one-
dimensional (1D) systems the Coulomb interactions can
not be treated as a weak perturbation. As a result a
non-perturbative, microscopic treatment of interactions
is required. For 1D systems this can be done in the frame-
work of the Luttinger model [13]. Interactions have a
drastic consequence: there are no fermionic quasiparti-
cle excitations. Instead, the low energy excitations of
the system consist of independent long-wavelength oscil-
lations of the charge and spin density, which propagate
with different velocities. The density of states has power-
law asymptotics at low energies and the transport prop-
erties cannot be described in terms of the conventional
Fermi-liquid approach. For a quantum wire with an ar-
bitrarily small barrier this leads to a complete supression
of transport at low energies [14,15].
Another interesting feature arises in 1D interacting
systems of a finite size. For a Luttinger liquid confined
to a ring, Loss [16] found remarkable parity effects [17]
for the persistent currents. He used the concept of Hal-
dane’s topological excitations [18], extending the pre-
vious work of Byers and Yang for non-interacting elec-
trons in a ring [19]. Depending on the parity of the to-
tal number of electrons on the ring, the ground state is
either diamagnetic or paramagnetic. For spin-1/2 elec-
trons an additional sensitivity on the electron number
modulo 4 has been found [20]. Experimental evidence
for Luttinger liquid behavior in Sc nanostructures has
been found recently. The dispersion of separate spin
and charge excitations in GaAs/AlGaAs quantum wires
has been measured with resonant inelastic light scatter-
ing [21]. Transport measurements on quantum wires have
revealed power-law dependence of the conductance as a
function of temperature [22].
In view of this we expect that electron-electron inter-
actions may well have drastic, observable consequences
in systems which consist of low-dimensional Sc nanos-
tructures connected to superconductors. In this paper,
we will study the Josephson current through a Lut-
tinger liquid [23,24]. Specifically, we consider two ge-
ometries which can be realized experimentally: a long
wire with contacts to two superconductors at a distance
d (see Fig. 1a) or a ring shaped Luttinger liquid shown
in Fig. 1b. In both cases the 1D electron liquid is con-
nected to the superconducting electrodes by tunnel junc-
tions. This is an interesting system from various points
of view. First of all, it enables one to study in a mi-
croscopic way how the Coulomb interaction influences
the phase-coherent propagation of two electrons through
a 1D normal region [25]. Secondly, various aspects of
transport in mesoscopic systems (parity effects and in-
terference combined with electron-electron interactions)
and their interplay can be enlightened in such a device.
Finally, since the Josephson effect is a ground state prop-
erty, the Josephson current can be used as a tool to probe
the ground state of an interacting electron system. In
particular, for the ring geometry in the presence of an
Aharonov-Bohm flux, the various possible ground-state
configurations can be determined by studying flux and
gate voltage dependence of the critical current.
The paper is organized as follows. In Section 2 we
briefly review the properties of the spin-1/2 Luttinger
model. In Section 3 the general formalism for the DC-
Josephson effect is presented. The DC-Josephson cur-
rent is obtained by evaluating the contribution to the
free energy which depends on the difference of the su-
perconducting phases. Starting from the general expres-
sion (12) we then consider various interesting limiting
situations. In Section 4, the wire geometry is considered
(see Fig. 1a). The critical current decays as a power
of the distance d between the contacts. The exponent
depends on the interaction strength. We distinguish two
cases in which the characteristic energy h¯vF /d for the 1D
system is either much smaller or much larger than the su-
perconducting gap ∆. For the ring geometry (Section 5,
see Fig. 1b), we focus on the dependence of the critical
current on the applied gate voltage and/or flux. Both
Section 4 and 5 contain a discussion of the effect of finite
temperatures. Section 6 is devoted to the AC-Josephson
effect. In this case the imaginary time approach of the
previous sections is inadequate and we will use a real
time formulation. The amplitude of the AC component
is found to show oscillations as a function of voltage due
to spin-charge separation. In the last section we present
the conclusions.
II. THE SPIN-1/2 LUTTINGER LIQUID
We start the description of the model we use by re-
viewing the theory of 1D interacting spin-1/2 fermions
(throughout, we use h¯ = kB = 1). The long-wavelength
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behaviour of such a quantum wire of length L is governed
by the Hamiltonian [18]
HˆL =
L/2∫
−L/2
dx
π
∑
j
vj
[
gj
2
(∇φj)2 + 2
gj
(∇θj)2
]
. (1)
It is written as a sum of the contributions from the
spin (j = σ) and charge (j = ρ) degrees of freedom.
The parameters gj denote the interaction strengths and
vj = 2vF /gj the velocities of spin and charge excita-
tions [14]. The parameters gj can be determined once
one defines an appriopriate microscopic Hamiltonian (e.g.
the Hubbard model); an approximate form for the spin-
less case has been given in Refs. [14,15]. In this paper
we will neglect backscattering (via Umklapp or impu-
rity scattering) and restrict ourselves to repulsive, spin-
independent interactions. As a result we have gσ = 2 and
vσ = vF [14].
We also introduced bosonic fields φj and θj . They are
related to the fields φs = φρ + sφσ and θs = θρ + sθσ for
spin up (s = +1) and down (s = −1) fermions. These
fields obey the commutation relation [φs(x), θs′ (x
′)] =
(iπ/2) sign(x′ − x)δs,s′ . The fermionic field operators Ψˆ
can be expressed in terms of the spin and charge degrees
of freedom [16,18]:
Ψˆ†L,s(x)=
√
ρ0
∑
n,odd
exp {inkFx}
× exp {in[θρ + sθσ]} exp {i[φρ + sφσ ]} , (2)
where kF is the Fermi-wave vector and ρ0 ≡ N0/L is the
average electron density per spin direction. The num-
ber N0 determines the linearization point of the original
electron spectrum, kF ≡ πN0/L [16].
If the wire is closed to form a loop, the periodic con-
dition [16]
ΨˆL,s(x + L) = (−1)N0ΨˆL,s(x). (3)
should be imposed on the Fermi operators (2). The fields
θ and φ can then be decomposed in terms of bosonic fields
θ¯ and φ¯ and topological excitations [16,18]:
θj(x) = θ¯j(x) + θ
0
j + πMj(x/2L), (4a)
φj(x) = φ¯j(x) + φ
0
j + πJj [(x+ L/2)/2L]. (4b)
Here, θ¯j and φ¯j are given by
θ¯j(x) =
i
2
√
gj
2
∑
q 6=0
∣∣∣∣ πqL
∣∣∣∣
1/2
sign(q)eiqx(bˆ†j,q + bˆj,−q), (5a)
φ¯j(x) =
i
2
√
2
gj
∑
q 6=0
∣∣∣∣ πqL
∣∣∣∣
1/2
eiqx(bˆ†j,q − bˆj,−q), (5b)
where bˆj,q, bˆ
†
j,q are Bose operators.
The boundary condition (3) gives rise to the topologi-
cal excitationsMj and Jj for the spin and charge degrees
of freedom. They are related to the usual topological ex-
citations for fermions with spin s: Ms = (1/2)[Mρ+sMσ]
and Js = (1/2)[Jρ + sJσ]. Physically, the number Ms
denotes the number of excess electrons in the Luttinger
liquid (LL) with spin s in addition to N0. The number
Js is the number of current quanta evF /L, carried by
electrons with spin s. Here, vF = πρ0/m is the Fermi
velocity, with m being the electron mass. A net current
JρevF /L flows through the quantum wire if there is an
imbalance between the number electrons moving to the
right and to the left. Using the boundary condition (3)
one obtains topological constraints forMs and Js [16,18],
which lead to the following constraints for Mj and Jj :
(i) The topological numbers Mj and Jj are either simul-
taneously even or simultaneously odd;
(ii) whenN0 is odd the sumMρ±Mσ+Jρ±Jσ takes values
...,−4, 0, 4, ..., whenN0 is even the sumMρ±Mσ+Jρ±Jσ
takes values ...,−6,−2, 2, 6, ....
An Aharonov-Bohm flux Φ threading the loop couples
to the net current, characterized by the topological num-
ber Jρ of the field φρ. The flux can be incorporated into
the Hamiltonian (1) by changing
∇φj → ∇φj − (2π/L)δj,ρfΦ, (6)
where fΦ = Φ/Φ0 is the flux frustration and Φ0 is the
flux quantum h/e.
Since the LL is brought into the contact with par-
ticle reservoirs (superconductors) kept at fixed electro-
chemical potential µ, the number of particles (character-
ized by the topological numberMρ of the field θρ) should
be coupled to µ. This can be achieved by replacing
∇θj → ∇θj − (2π/L)δj,ρfµ (7)
in the Hamiltonian (1). The parameter fµ =
(gρL/4πvρ)∆µ is related to the the difference ∆µ be-
tween µ and the Fermi-energy EF = k
2
F /2m of the quan-
tum wire, corresponding to the linearization point. Gen-
erally, the reference point ∆µ = 0 is defined from the
requirement that for Φ = 0 there are 2N0 electrons in
the ground state and the energies to add/remove elec-
trons to/from the system are equal. The difference ∆µ
can be controlled, e.g., by a gate voltage.
Using Eqs. (1), (4a), (4b), (5a), and (5b) one concludes
that the Hamiltonian can be decomposed into non-zero
modes and topological excitations:
HˆL =
∑
j=ρ,σ


∑
q 6=0
vj |q|bˆ†q,j bˆq,j
+
πvj
4L
[
gj
2
(Jj − 4δj,ρfΦ)2 + 2
gj
(Mj − 4δj,ρfµ)2
]}
. (8)
Since this Hamiltonian is quadratic in the Bose opera-
tors, it is possible to obtain all the correlation functions
exactly.
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III. DC-JOSEPHSON EFFECT
Both systems depicted in Fig. 1 can be described by
the Hamiltonian
Hˆ = HˆS1 + HˆS2 + HˆL + HˆT ≡ Hˆ0 + HˆT . (9)
Here, HˆS1, HˆS2 are the BCS-Hamiltonians for the bulk
superconductors kept at constant phase difference χ =
χS1−χS2. For simplicity we assume equal magnitude ∆
for both order parameters. The tunneling between the
superconductors and the 1D electron system is described
by HˆT . It is assumed to occur through two tunnel junc-
tions [26] at the points x = 0 and x = d,
HˆT =
∑
s
T1Ψˆ
†
S1,s(x = 0)ΨˆL,s(x = 0)
+T2Ψˆ
†
S2,s(x = d)ΨˆL,s(x = d) + (h.c.). (10)
The constant tunnel matrix elements T1,2 can be related
to the tunnel conductances G1,2 of the junctions, Gi =
4πe2NL(0)Ni(0)|Ti|2, where NL(0) = 1/πvF , and Ni is
the normal density of states in the superconductors (i =
1, 2).
The stationary Josephson effect can be obtained by
evaluating the phase-dependent part of the free energy
F(χ). The Josephson current is then given by
IJ = −2e∂F/∂χ. (11)
We expand F = −(1/β) lnZ, where Z = Tr exp{−βHˆ}
and β = 1/T , in powers of the tunneling Hamiltonian
HˆT , using standard imaginary-time perturbation the-
ory [27]. The lowest order phase-dependent contribution
arises in 4th order. Using Eq. (10) we see that there are
24 contributions to the phase-dependent part of F :
F(χ) = − 1
β
β∫
0
dτ1
τ1∫
0
dτ2
τ2∫
0
dτ3
τ3∫
0
dτ4
×
{
F †S1(0; τ1 − τ2)T 21Π(a)L (0, d; τ1, ..., τ4)
×(T ∗2 )2FS2(0; τ3 − τ4)
+F †S1(0; τ1 − τ4)T 21Π(b)L (0, d; τ1, ..., τ4)
×(T ∗2 )2FS2(0; τ2 − τ3) + (h.c.)
}
+22 similar terms. (12)
This result has a clear physical meaning, see Fig. 2. The
Josephson effect consists of processes in which a Cooper
pair tunnels from superconductor S2 into the LL with an
amplitude (T ∗2 )
2. After propagation through the LL, it
tunnels into superconductor S1 with an amplitude (T1)
2.
The hermitian conjugate terms describe processes in the
opposite direction. The propagation in the superconduc-
tors is described by the anomalous Green’s function
FSi(0; τ − τ ′) ≡
〈
Tτ ΨˆSi,−(d, τ)ΨˆSi,+(d, τ
′)
〉
Si
=
πN(0)
β
∑
ωn
e−iωn(τ−τ
′) ∆e
iχSi√
ω2n +∆
2
, (13)
where 〈...〉Si indicates an average with respect to HˆSi.
Propagation through the LL is determined by the
Cooperon propagator ΠL(0, d; τ1, ..., τ4). These 24 terms
are obtained by considering all possible time-ordered
pairs of tunneling events τi, τj (τi < τj) at x = 0 and
x = d together with all possible spin configurations.
However, which of these terms are important depends
on the relation between the characteristic energy vF /d
for the 1D system and the superconducting gap ∆ [28].
If the distance between the contacts is large, vF /d ≪
∆, a generic process consists of fast tunneling of two elec-
trons from the superconductor into the 1D system and
their slow propagation through the LL. Such a process is
illustrated by the first term in Eq. (12). Here,
Π
(a)
L (0, d; τ1, ..., τ4)
=
〈
ΨˆL,+(0, τ1)ΨˆL,−(0, τ2)Ψˆ
†
L,+(d, τ3)Ψˆ
†
L,−(d, τ4)
〉
, (14)
where |τ1− τ3| ∼ d/vF ≫ |τ1− τ2| ∼ |τ3− τ4| ∼ 1/∆ (see
Fig. 2a). The average is taken over equilibrium fluctua-
tions in the LL (described by HˆL). The other relevant
processes come from diagrams which are obtained from
the one in Fig. 2a by means of particle-hole conjugation
and by changing the time ordering.
In the opposite limit vF /d≫ ∆, diagrams of the type
depicted in Fig. 2a are no longer relevant. Instead, one
should consider fast and independent propagation of two
electrons through the LL and slow tunneling between S
and LL. This is illustrated by the second term in Eq. (12)
(see also Fig. 2b), where
Π
(b)
L (0, d; τ1, ..., τ4)
=
〈
ΨˆL,+(0, τ1)Ψˆ
†
L,+(d, τ2)ΨˆL,−(0, τ3)Ψˆ
†
L,−(d, τ4)
〉
, (15)
with |τ1 − τ2| ∼ |τ3 − τ4| ∼ d/vF ≪ |τ1 − τ3| ∼ 1/∆.
Also in this case the other relevant processes can be ob-
tained from the one in Fig. 2b by means of particle-hole
conjugation and by changing the time ordering.
The direct evaluation of averages like (14), (15) with
the help of bosonized field operators like (2) is tedious
but straightforward. The resulting expressions can be
simplified further in the two limiting cases vF /d ≪ ∆
and vF /d≫ ∆, which contain all the important physics
of the problem.
IV. DC-JOSEPHSON CURRENT THROUGH A
QUANTUM WIRE
We first turn to the geometry depicted in Fig. 1a. It
consists of a quantum wire of length L → ∞ connected
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to two superconductors by tunnel junctions separated by
a distance d. The topological excitations play no role in
this case (their energy is vanishingly small) and the wire
is described by the non-zero modes only (first term in
Eq.(8)).
a. The case vF /d≪ ∆.
The expression for the phase-dependent part of the
free energy contains four terms of the type of the first
term in Eq. (12) (see Fig. 2a). In this case at low tem-
peratures T ≪ ∆ one can approximate the anomalous
Green functions (13) by δ-functions in time. This fixes
equal time arguments τ1 = τ2, τ3 = τ4 in Π
(a)
L . The re-
maining integration should be performed over the time
τ = τ1 − τ3. The dominant contribution to the the inte-
gral comes from the terms with n = ±1 in Eq. (2). As a
result, the Josephson current (11) through the quantum
wire is given by
I
(a)
J = I
(a)
c (T ) sinχ, (16)
with a temperature-dependent critical current
I(a)c (T ) =
4πevF
d
G1G2
(4e2)2
F (a)w (T ), (17)
where
F (a)w (T ) =
[
1
kFd
]2/gρ−1 βvF2d∫
−
βvF
2d
dx
2π
∏
j=ρ,σ
[
2π2d2
v2jβ
2
× 2
cosh (2πd/vjβ)− cos (2πdx/βvF )
] 1
gj
(18)
(with gσ = 2 and vσ = vF ).
In the non-interacting case, at zero temperature,
F
(a)
w (0) = 1. The Josephson current decreases as 1/d
with increasing distance between the tunnel junctions.
This is related to the fact that the density of Cooper pairs
in the LL decays in space away from each junction. Hence
the overlap of the macroscopic wave functions of the two
superconductors, which is responsible for the Josephson
effect, is suppressed. Repulsive interactions in the wire
make the Josephson effect vanish more rapidly with the
distance between the superconductors,
I(a)c (0) ∝ 1/(kFd)2/gρ .
The electron liquid acquires an additional stiffness
against density fluctuations, hence the tunneling between
S and LL is suppressed. This fact provides an a posteri-
ori justification of our use of perturbation theory when
treating electron tunneling in the presence of repulsive
interactions.
We consider now the temperature dependence of the
critical current. For non-interacting electrons, gρ = 2,
the critical current can be calculated explicitly:
I
(a)
c (T )
I
(a)
c (0)
=
2πTd
vF
1√
cosh2(2πTd/vF )− 1
. (19)
At low temperatures, T ≪ vF /2πd, the critical current is
suppressed below its zero temperature value in a power
law fashion
I(a)c (T )/I
(a)
c (0) ≃ 1−
2
3
(
πTd
vF
)2
. (20)
In the high temperature regime, T ≪ vF /2πd, the decay
is exponential
I
(a)
c (T )
I
(a)
c (0)
≃
√
8πTd
vF
exp(−2πTd/vF ).
It is possible to obtain analytical results also in the
interacting case. In particular, for weak interaction 2 −
gρ ≪ 2 and low temperatures T ≪ vF /2πd the critical
current behaves as
I
(a)
c (T )
I
(a)
c (0)
≃ 1 + 2− gρ
4
(
2πTd
vF
)2/gρ
− 2
3
(
πTd
vF
)2
, (21)
where we dropped terms O[(2−gρ)2+(2−gρ)(Td/vF )2].
This result can be interpreted in terms of a competition
between two effects. At low temperatures the dominant
dependence comes from the renormalization of the tun-
neling amplitudes T1,2 in the presence of interaction [14].
The critical current increases with temperature. Above
the crossover temperature Tcross ≃ (3/8)(2 − gρ)vF /πd
the Josephson current decreases due to the shortening of
the phase coherence length. Although the maximum is
not very pronounced, the cross-over temperature shifts
to higher values as the interaction strength increases
(see Fig. 3). This results in a wider temperature range
in which the critical stays almost constant. It is evi-
dent from Eq. (21) that the coefficient responsible for
the anomalous temperature dependence vanishes in the
absence of interaction, thus restoring the T 2 suppres-
sion of the critical current (20). For high temperatures
T ≫ vρ/2πd the suppression becomes exponential,
I(a)c (T ) ∝ T 2/gρ exp(−2πTd/vF ). (22)
The full temperature dependence of the critical cur-
rent, calculated by numerical integration of Eqs. (17),
(18) is shown in Fig. 3. We see that for moderate strength
of the interaction g ∼ 1 the Josephson current will main-
tain an appreciable value up to a temperature T ∼ vF /d,
which is of the order of 0.7 K for typical experimen-
tal parameters vF = 3.0 10
5 m/s and d = 3 µm [29].
Moreover, the value of the critical current I
(a)
c (T = 0) ≈
22 nA, (estimated for the parameters given above and
Gi/(4e
2) = 0.3) is large enough to be measured experi-
mentally.
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Note that we estimated the Josephson current assum-
ing fixed Josephson phase difference between the su-
perconductors. Thermal fluctuations of the Josephson
phase would smear the critical current at temperatures
T ∗ ∼ EJ ≡ I(a)c /2e, provided that the superconductors
are coupled by the LL only. Using Eq. (17) for the non-
interacting case (with F
(a)
w (0) = 1), one obtains that
the temperature T ∗ is by a factor 2πG1G2/(4e
2)2 ≪ 1
smaller than the characteristic temperature scale vF /d
for the LL . Hence, in order to observe non-trivial tem-
perature dependence of the critical current, one has to fix
the phase difference between the superconductors, e.g.,
by means of an additional Josephson junction.
b. The case vF /d≫ ∆.
In this limit, the electrons propagate fast and indepen-
dently through the LL on a time scale 1/∆. A typical
contribution is depicted in Fig. 2b. The Cooperon (15)
can be approximated as
Π
(b)
L (0, d; τ1, ..., τ4) ≈〈
ΨˆL,+(0, τ1)Ψˆ
†
L,+(d, τ2)
〉〈
ΨˆL,−(0, τ3)Ψˆ
†
L,−(d, τ4)
〉
,
where we substitute〈
ΨˆL,+(0, τi)Ψˆ
†
L,+(d, τj)
〉
≈ Cδ(τi − τj).
The constant C is determined by integration of the time-
ordered single particle correlator of the LL,
C =
β/2∫
−β/2
dτ
〈
Tτ ΨˆL,+(0, τ)Ψˆ
†
L,+(d, 0)
〉
.
The temperature-dependent Josephson current is found
to be
I
(b)
J = I
(b)
c (T ) sinχ,
where the critical current is given by
I(b)c (T ) = e∆
G1G2
(4e2/π)2
F (b)w ,
with
F (b)w =
[
1
kFd
]gρ/4+1/gρ−1 [gρ
2
]gρ/4+1/gρ [ πd
βvF
] gρ
4
+ 1
gρ
+1
×


2
π
βvF /2d∫
0
dx sin
(
ζρ + ζσ
2
)
×
∏
j=ρ,σ
[
2
cosh(2πd/βvj)− cos 2πdx/βvF
] gj
16
+ 1
4gj


2
. (23)
The phase factor ζj is given by
ζj = arctan
[
cot
(
πdx
βvF
)
tanh
(
πd
βvj
)]
.
In the non-interacting case gρ = gσ = 2, F
(b)
w can be
calculated explicitly:
F (b)w =
[
2
π
arctan
(
1
sinh(πd/βvF )
)]2
.
At zero temperature we find F
(b)
w = 1. The resulting
Josephson current thus is independent of the distance d
between the contacts, analogous to the result obtained in
Ref. [6]. At finite temperatures the Josephson current is
suppressed. If T ≪ vF /d, the suppression is linear in T :
I
(b)
c (T )
I
(b)
c (0)
≃ 1− 4Td
vF
.
In the interacting case, at T = 0, the critical current
is suppressed,
I(b)c (0) ∝ 1/(kFd)gρ/4+1/gρ−1.
At finite temperatures, and for weak interactions we ob-
tain
I
(b)
c (T )
I
(b)
c (0)
− 1 ∼ − 3
2π
[
πTd
vF
]1/2+gρ/8+1/2gρ
+
2− gρ
2
πTd
vF
,
(24)
where we dropped terms of the order of O[(2−gρ)2+(2−
gρ)(Td/vF )
2]. We find again an anomalous dependence
on temperature, like the one we discussed in the case
vF /d≪ ∆.
V. DC-JOSEPHSON CURRENT THROUGH A
RING
In case of the ring with circumference L (Fig. 1b), we
should take into account the contribution to the Joseph-
son current due to the topological part, see Eqs. (4a),
(4b), and (8). The Cooperon for the ring in case of a
symmetric setup d = L/2 ≫ vF /∆ is evaluated along
the same lines as before. It is then straightforward to get
the Josephson current
IJ =
2πevF
L
G1G2
(4e2)2
∑
ǫ=±1
〈Fr(gρ, L, ǫ,Mσ, Jρ)
× sin (χ+ ǫπMσ/2 + πJρ/2)〉J,M , (25)
where
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Fr =
1
2
[
π
kFL
]2/gρ−1 πβvF /2L∫
−πβvF /2L
dx
[
1
cosh(2x/gρ)
] 2
gρ
× 1
cosh(x)
cosh
[(
2
gρ
)2
(Mρ − 4fµ)x+ ǫJσx
]
×
∏
j=ρ,σ
[
1 +
∑
n exp
(
2πβvjn
2/L
)
1 +
∑
n exp (2πβvjn
2/L) cos(2nλj(x))
] 1
gj
, (26)
with
λj(x) =
1
2
arcos
[
cosh
(
2vjx
vF
)]
.
The brackets, 〈...〉J,M , should be considered as the ther-
mal average over the topological excitations weighted
by the appropriate Boltzmann factor and subject to the
topological constraints.
For zero temperature this calculation involves only the
ground state (see Ref. [23] for details). The dependence
of the critical current on fΦ and fµ has been found to
show very rich behavior. In the present study, we will
focus on the effect of finite temperatures. In particular,
we will investigate how robust the structure, found in
Ref. [23] is against thermal fluctuations.
Two remarks are in order at this point. First, through-
out this section, we assume that the linearization point of
the original electron spectrum corresponds to odd values
of N0 (for even N0 the picture is the same, apart from a
relative shift of fΦ and fµ). Second, the Josephson cur-
rent depends periodically on both fΦ and fµ with period
1. However, since the original problem has additional
symmetries fΦ → −fΦ and fµ → −fµ (together with a
change of sign of the corresponding topological numbers,
Jj and Mj), it is enough to consider fΦ and fµ in the
intervals 0 < fΦ < 1/2 and 0 < fµ < 1/2.
It is instructive to discuss first the non-interacting case
gρ = 2, for T = 0. If fµ+fΦ < 1/2 the ground-state con-
figuration of Jj andMj is found to be (Jρ, Jσ,Mρ,Mσ) =
(0,0,0,0); if fµ + fΦ > 1/2 the configuration is (2,0,2,0).
Hence, the ground-state of the system can be changed by
varying either the flux or the gate voltage. As a result,
the Josephson current changes, see Eqs. (25), (26). This
is illustrated in Fig. 4, where the critical current Ic (we
write IJ = Ic sinχ where Ic can be positive or negative)
is plotted as a function of fµ and T at fixed fΦ = 0.2.
For T = 0, the critical current shows a maximum and a
sharp jump at fµ = 0.3 where the states (0,0,0,0) and
(2,0,2,0) are degenerate. At this value of the gate volt-
age, the number of electrons on the ring (Mρ) increases
by two. Since electronic states are doubly degenerate in
spin and non-zero flux is applied, the two electrons will
occupy the same (clockwise or counterclockwise moving)
single-particle state. Therefore, the net current evFJρ/L
increases by 2 quanta evF /L while the topological num-
bers Mσ and Jσ related to spin remain unchanged. At
the jump, Ic changes sign. This reflects the fact that the
ring acts as a π-junction (Ic < 0) in the state (2,0,2,0), as
can be seen from Eq. (25). Therefore, for non-interacting
electrons, the critical current shows two jumps per period
of the gate voltage dependence. The same is true for the
dependence of Ic on the magnetic flux.
This picture is correct for any generic point on the line
fµ + fΦ = 1/2. At the end points (fµ, fΦ) = (0, 0.5)
and (0.5, 0), no jumps of the critical current occur (one
can say that two jumps in opposite directions merge to-
gether). Instead, the critical current shows a resonance.
The resonance occurs due to alignment of two spin degen-
erate energy levels (for clockwise and counterclockwise
moving electrons) with the chemical potential of the su-
perconductors [23].
At a finite temperature, both the non-zero modes and
the topological excitations are thermally activated. Ther-
mal activation of the non-zero modes leads to an overall
suppression of the critical current, as it has been dis-
cussed for the wire in Section 4. Thermal activation of
the states (0,0,0,0) and (2,0,2,0) will lead to a smearing
of the jump. Moreover, at finite temperature there will
be a non-vanishing probability to activate other topolog-
ical excitations which can contribute to the Josephson
current. In the plotted temperature range, only one ad-
ditional state (1,1,1,1) with one extra electron on the ring
can be activated. As a result, the negative critical cur-
rent of the state (2,0,2,0) (at fµ >∼ 0.3) will be partially
compensated by the positive critical current of the state
(1,1,1,1), the occupancy of which increases with temper-
ature. Note that the jump at fµ = 0.3 remains visible
up to temperatures of the order of T ∼ vF /L ∼ 1K (for
the parameters mentioned above and L = 2µm). Hence,
the parity effect causing the jump is quite robust against
thermal fluctuations.
An important feature of the non-interacting case at
T = 0 is that the various possible ground-state configu-
rations may differ by an even number of electrons only.
The situation changes drastically when repulsive interac-
tions are switched on. In addition to the states (0,0,0,0)
and (2,0,2,0), the state (1,1,1,1) can act as a ground state
configuration [23]. This happens for parameters fµ, fΦ
within the range 1 + 3(gρ/2)
2 < 8[fµ + (gρ/2)
2fΦ] <
3 + (gρ/2)
2. Within this ”strip”, it is energetically
more favorable to add a single electron, rather than a
pair of electrons to the ring, due to repulsive electron-
electron interactions. The Josephson current in the state
(1,1,1,1) differs from the current in the states (0,0,0,0)
and (2,0,2,0), see Eqs. (25), (26). For example, for
gρ = 1.75 and fΦ = 0.2 (Fig. 5) the state (1,1,1,1) occurs
in the range 0.259 < fµ < 0.318. Indeed, one sees two
pronounced jumps of Ic at the borders of this interval in
Fig. 5 (at low temperatures). Generally, for interacting
electrons the critical current shows four jumps per period
of the gate voltage dependence [23].
Similar jumps are seen also at the dependence of the
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critical current on the flux, Fig. 6. Moreover, Ic is a
stepwise function of fφ for T = 0 (this can be seen from
Eqs. (25), (26); the flux fΦ enters to these equations only
implicitly, via topological numbers). Depending on the
gate voltage, the critical current can show zero, two, or
four jumps per period of the flux dependence [23].
The state (1,1,1,1) is the ground state in a strip of
width δfµ = [1− (gρ/2)2]/4. This determines the energy
δE ≃ [1 − (gρ/2)2]πvρ/(gρL) needed to create topologi-
cal excitations. The features related to the state (1,1,1,1)
will be smeared at temperatures T ∼ δE. Therefore, for
weak interaction 2 − gρ ≪ 1, the interaction effects will
dissapear at much lower temperatures T ≪ vF /L than
the parity effects. For example, the features related to
the configuration (1,1,1,1) in Figs. 5, 6 are seen only in
the temperature range T < δE ∼ 0.1 K whereas the over-
all dependence is robust up to the temperatures T ∼ 1K.
However, it is worthwhile to stress that the (1,1,1,1) state
survives at much higher temperatures when the interac-
tion strength is increased.
The behavior we described here is rather generic for
all values of fµ, fΦ and for various values of the inter-
action. What is specific is the configuration of the two
superconductors: they are connected symmetrically to
the ring. If the points on the ring at which the elec-
trodes are attached would form a generic angle, a more
complicated interference pattern would arise. In the sym-
metic setup, the maximum Josephson current occurs ei-
ther at χ = 0 or at χ = π. In the nonsymmetric setup
the maximum Josephson current would occur at a value
χ(Jρ, Jσ,Mρ,Mσ) which depends on the values of topo-
logical numbers. The critical current should then be
found by maximizing the resulting function of the phase
difference.
VI. AC-JOSEPHSON EFFECT
The effect of a finite DC bias voltage eV ≪ 2∆ applied
between the superconductors S1 and S2, will be twofold.
First of all, the phase difference χ between S1 and S2 will
acquire a time-dependence, according to the Josephson
relation χ˙ = ωJ = 2eV . As a result, the Josephson
current will oscillate as a function of time at a frequency
ωJ (AC-Josephson effect, see Ref. [30]). Secondly, a DC
subgap current will be induced, due to Andreev reflection
at both junctions. This current is dissipative, energy will
be dissipated in the LL. In a typical experiment one thus
will find a current with both a DC and an AC component.
In this section, we will mainly concentrate on the AC
Josephson current, and estimate the DC component at
the end.
In the presence of a bias voltage V between the super-
conductors, the imaginary time formalism cannot be ap-
plied and Josephson current is found by calculating the
average of the corresponding Heisenberg operator. Us-
ing the interaction representation with the unperturbed
Hamiltonian Hˆ0, see Eq. (9), one obtains
I(t) = 〈Uˆ †(t)Iˆ(t)Uˆ(t)〉,
Uˆ(t) = T exp(−i
∫ t
−∞
HˆT (t
′)dt′). (27)
We expand (27) to the fourth order in HˆT and keep the
Josephson terms in the current. These are proportional
to exp(±2ieV t). As a result the Josephson current is
given by an expression which has the same structure as
Eq. (12). The integrals are now taken over real times. It
is convenient to depict the times t, t1, t2, t3 of tunneling
events on the Keldysh contour [31] (the Josephson cur-
rent is calculated at a time t). Again, we will consider
two cases of long (vF /d≪ ∆) and short (vF /d≫ ∆) dis-
tance between the contacts. The relevant diagrams are
shown in Fig. 7 for both cases. We restrict our consider-
ation to the case of a quantum wire at zero temperature.
a. The case vF /d≪ ∆.
For a large distance between the contacts the tunnel-
ing of two electrons to/from a superconductor is a fast
process on the time scale of their propagation through
LL. The Josephson current is described by diagrams of
the type shown in Fig. 7a. The Josephson current is then
given by
IJ (t) = 4π
2ev2F
G1G2
(4e2)2
×ℜe
[∑
±
±e±2ieV t
∫ ∞
0
dt′e∓ieV t
′
Π(t′)
]
, (28)
where Π(t) = Π
(a)
L (0, d; it, it, 0, 0) is the Cooperon prop-
agator (14) in real time taken at coinciding time argu-
ments. The leading contribution stems from the terms in
Eq. (2) with n = ±1,
Π(t) =
2ρ20
∏
j=ρ,σ
{[1 + ikF (vjt+ d)][1 + ikF (vjt− d)]}−1/gj . (29)
In particular, for non-interacting electrons (gρ = 2) we
obtain
IJ (t) =
2πevF
d
G1G2
(4e2)2
sin
(
2eV t− eV d
vF
)
. (30)
This result means that the Josephson current acquires
an additional phase shift due to the propagation of elec-
trons between the contacts. For interacting electrons we
computed the Josephson current numerically. We split
IJ into sinusoidal and cosinusoidal components,
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IJ (t) =
2πevF
d
G1G2
(4e2)2
(
1
kFd
)2/gρ−1
×
{
Js
(
eV
vF /d
, gρ
)
sin (2eV t)
+Jc
(
eV
vF /d
, gρ
)
cos (2eV t)
}
. (31)
The amplitudes Jc(s) of the two components and the
phase ϕ = − arctan(Jc/Js) of the Josephson current
are shown in Fig. 8 as functions of the voltage for two
values of the interaction parameter, gρ = 1.75 and 1.
One sees that the deviation from the simple result (30)
for non-interacting electrons (which corresponds to Js =
cos(eV d/vF ), Jc = − sin(eV d/vF ), and ϕ = eV d/vF )
increases with the increase of the interaction. This de-
viation becomes striking in the dependence of the AC
current amplitude Ja =
√
J2s + J
2
c on the voltage, Fig. 9.
Apart from the non-interacting case (Ja(V ) = const),
one sees pronounced oscillations of the current ampli-
tude. These oscillations are due to the difference in the
velocities of the charge (vρ) and spin (vσ) excitations.
The period δV of the oscillations corresponds to 2π dif-
ference between the phases of charge (eV d/vρ) and spin
(eV d/vF ) excitations. Using the relation vρ = 2vF /gρ
we obtain eδV/(vF /d) = 2π(1 − gρ/2)−1 ≃ 50.4, 12.6 for
gρ = 1.75 and 1, respectively. This is in very good argee-
ment with the period of oscillations in Fig. 9. Therefore,
the AC Josephson effect can be used as a tool for the
observation of spin-charge separation in the LL.
b. The case vF /d≫ ∆.
At short distances between the contacts, the two elec-
trons propagate fast through the LL on the time scale
1/∆. The relevant diagrams are similar to the graph
shown in Fig. 7b. The main contribution to the Joseph-
son current comes from the integration of the two-particle
propagators of the type Π
(b)
L (0, d; it, it1, it2, it3), Eq. (15)
(with possible permutations of creation and annihilation
operators) over the range t − t1 ∼ t2 − t3 ∼ d/vF and
t−t2 ∼ 1/∆ (see Fig. 7b). For this reason, we can present
Π
(b)
L as a product of two single-particle propagators and
integrate the latter over the ”fast” variables t − t1 and
t2− t3 (from 0 to∞) as we did for the DC case. The last
integration over the ”slow” variable s = t−t2 involves the
product of two anomalous Green functions with an ex-
ponent containing the time-dependent Josephson phase:∫ ∞
0
dsF+S1(0, is)FS2(0, is) exp(ieV s).
Hence, for short distances between the contacts the pres-
ence of LL does not influence the voltage dependence of
AC Josephson current. The latter is still given by the
simple formula
IJ (t) = (2/π)K(eV/2∆)I
(b)
c (0) sin(2eV t) ,
where K(x) is an elliptic integral and I
(b)
c (0) is the crit-
ical current in the DC case (cf. Eq. (23) in the limit of
zero temperature). The effect of the interaction is only to
reduce the value of the critical current while its voltage
dependence is analogous to that of the critical current of
a conventional Josephson junction [32].
We conclude this section with an estimate of the dis-
sipative DC current due to Andreev reflection at both
junctions. For a single junction between a superconduc-
tor and a LL with repulsive interactions, the subgap cur-
rent Is(V ) as a function of the applied voltage V is given
by [24,25,33] Is(V ) ∼ V |V |2/gρ−1. For the system of
Fig. 1a, which consists of two junctions in series, the
lowest order contribution to the subgap current stems
from sequential tunneling. Employing a rate equation
approach, we find for this contribution
Is(V ) = 2πe
G1G2
(4e2)2
2eV
[
2eV
vFkF
]2/gρ−1 (2/gρ)2/gρ
Γ(1 + 2/gρ)
×
[
2(G1G2)
gρ/2
(G21)
gρ/2 + (G22)
gρ/2
]2/gρ
. (32)
Comparing this result with the critical current we see
that the dissipative component is much smaller at low
voltages. In order to get a complete description at finite
voltages, one has to solve the corresponding equation for
non-linear RSJ-model [9]. This will be discussed in a
forthcoming publication [34].
VII. DISCUSSION
In this paper, we studied the AC and DC Josephson
effect in a single mode quantum wire and quantum ring
connected to two superconductors by tunnel junctions.
Repulsive interactions were treated in the framework of
the Luttinger model. Interactions were found to have a
drastic influence on both DC and AC Josephson effect.
The critical current is suppressed by interactions at
zero temperature. The results depend on the ratio be-
tween the characteristic energy h¯vF /d of the 1D electron
system and the superconducting energy gap ∆. For large
distances between the contacts d ≫ h¯vF /∆ in the pres-
ence of interactions, there is a competition between ther-
mal suppression of coherent two-particle propagation in
the wire and activation of tunneling at the junctions at
low temperatures. As a result, the critical current shows
maximum as a function of temperature. At even higher
temperatures, kBT ≫ h¯vρ/2πd, the suppression becomes
exponential.
In our model it is assumed that the superconducting
electrodes do not influence the uniformity of the potential
along the quantum wire, since they are separated from
the wire by thick barriers. It was argued in Ref. [35] that
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a non-uniform potential in the wire will lead to an effec-
tive change of the boundary conditions for the electronic
wave function, which in turn could strongly affect our
results. However, a recent calculation [24] of the Joseph-
son current through an interacting quantum wire of finite
length is in agreement with our results. This indicates
that the results obtained are robust with respect to the
specific choice of boundary conditions. They rather de-
scribe generic properties of the superconductor-Luttinger
liquid system.
If a finite voltage V is applied between the junctions,
the AC Josephson effect occurs. The AC current ac-
quires phase shift proportional to the distance between
the tunnel junctions. Moreover, the amplitude of AC cur-
rent depends on the voltage in an oscillatory fashion due
to spin-charge separation. The corresponding period de-
pends on the ratio of the velocities of the spin and charge
excitations in the LL.
A quantum wire closed to a loop (or quantum ring)
shows interesting parity effects. Boundary conditions on
the electronic wave functions result in a discrete set of
quantum numbers, related to the number of particles and
angular momentum. We showed how these numbers can
be tuned by applying a gate voltage and a magnetic flux,
and calculated the corresponding dependence of the criti-
cal current on these parameters. This dependence shows
a rich behavior, which can be detected in an interfer-
ence experiment employing a SQUID. We showed that
the dependence is robust to thermal fluctuations up to
experimentally measurable temperatures.
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FIG. 1. The geometries discussed in the text: (a)
one-dimensional wire connected to two superconductors by
tunnel junctions. The distance between the junctions is d. (b)
Ring with circumference L connected to two superconductors
by tunnel junctions. The distance between the junctions is
L/2, the ring is threaded by a magnetic flux Φ.
FIG. 2. Relevant diagram for Josephson tunneling in the
limiting cases (a) vF /d≪ ∆ and (b) vF /d≫ ∆. The shaded
area indicates the electron-electron interaction.
FIG. 3. The critical current of the wire as a function of the
temperature (t = Td/2pivF ) for various values of the interac-
tion strength gρ = 1.0, 1.25, 1.75, 2.0.
FIG. 4. The critical current through the ring (normalized
to
2pievF
L
G1G2
(4e2/h¯)2
) at a fixed value of the flux fΦ = 0.2
as a function of the gate voltage and the temperature
(t = TL/pivF ) in the non-interacting case.
FIG. 5. The same as in the previous figure for the interact-
ing case; for this plot we choose gρ = 1.75 but the result is
rather generic for repulsive interaction (the critical current is
normalized to
2pievF
L
G1G2
(4e2/h¯)2
).
FIG. 6. The critical current through the ring at a fixed
value of the gate voltage fµ = 0.2 as a function of the
flux and the temperature (t = TL/pivF ) in the interact-
ing case gρ = 1.75 (the critical current is normalized to
2pievF
L
G1G2
(4e2/h¯)2
).
FIG. 7. Relevant diagrams for AC Josephson current: (a)
vF /d≫ ∆ and (b) vF /d≪ ∆. The shaded area indicates the
electron-electron interaction.
FIG. 8. The voltage dependence of sinusoidal (solid line)
and cosinusoidal (dashed line) components and the phase
(dotted line) of AC Josephson current; (a) gρ = 1.75 and
(b) gρ = 1.
FIG. 9. The voltage dependence of the amplitude of AC
Josephson current. Here, gρ = 2, 1.75, 1, 0.75, 0.5, 0.25 for the
curves from top to bottom at zero voltage.
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